Mantle control on the geodynamo is often simulated using numerical dynamos with imposed outer boundary heat flux inferred from lower mantle tomography, assuming that seismic and thermal anomalies in the lowermost mantle are highly correlated. However, non-thermal effects might perturb this idealized linear seismic-thermal mapping. Here we use a probabilistic tomography model to isolate the thermal part of the seismic anomaly in order to impose a more realistic core-mantle boundary heat flux pattern on the outer boundary of numerical dynamo simulations. We demonstrate that on time average these dynamo models have more low-latitude convective and magnetic activity than corresponding models with conventional tomographic heat flux. In addition, the low-latitude magnetic flux and kinetic energy contributions are more time-dependent in the dynamo models with a probabilistic tomography heat flux, and thus may recover the observed latitudinal distribution of geomagnetic flux on the core-mantle boundary, which we propose as a morphological criterion for Earth-like dynamo models.
I N T RO D U C T I O N
Various observed features of the geodynamo have been recovered by imposing heterogeneous heat flux patterns on the outer boundary of numerical dynamo simulations (e.g. Olson & Christensen 2002; Christensen & Olson 2003; Gubbins et al. 2007; Aubert et al. 2007 Aubert et al. , 2008 Davies et al. 2008) . In these simulations, the prescribed heat flux patterns are proportional to seismic tomography models of the lowermost mantle, under the assumption that seismic and thermal anomalies in this region are highly correlated. However, observational and numerical studies of the lower mantle suggest that the structures and dynamics there are far more complex, with other (non-thermal) contributions perturbing the idealized linear seismic-thermal mapping (e.g. Trampert et al. 2004; Lay et al. 2008; Nakagawa & Tackley 2008; Bull et al. 2009; Tackley 2011; Deschamps et al. 2012) . Clearly an appropriate core-mantle boundary (CMB) heat flux model is required in order to model adequately core-mantle thermal interactions and the resulting persistent geodynamo features.
The primary observational constraint for any dynamo model, with an homogeneous or heterogeneous outer boundary pattern, is the morphology of the geomagnetic field on the CMB. Fig. 1 shows two models of the radial geomagnetic field on the CMB inverted from surface observatories and dedicated satellites (Jackson et al. 2000; Olsen et al. 2010) . The field morphology is character-ized by regions of concentrated geomagnetic flux (Gubbins 2003; Christensen et al. 2010) . Two intense normal polarity flux patches appear at high latitudes of each hemisphere. Because a spherical harmonic degree and order 2 pattern dominates lower-mantle seismic anomalies (e.g. Masters et al. 2000) , it has been suggested that these two pairs of intense high-latitude geomagnetic flux patches are maintained by the lower-mantle heterogeneity (Bloxham 2002; Olson & Christensen 2002; Gubbins et al. 2007; Aubert et al. 2008) . The underlying concept is that while the tangent cylinder determines the latitudes of these patches (Olson et al. 1999) , the mantle heterogeneity dictates the statistically preferred longitudes (Gubbins 2003) , although on short timescales the patches may oscillate between one preferred location to another (Amit et al. 2010) . Jackson (2003) noted the presence of intense flux patches at the equatorial region as well, in particular below Africa and the Atlantic Ocean (Fig. 1) . The existence of these low-latitude features is less well understood, especially because numerical dynamos are often characterized by zonal equatorial upwelling (Aubert 2005; Amit & Olson 2006 ) that disperses field lines at low latitudes.
To assess quantitatively what dynamo model can be considered as Earth-like, Christensen et al. (2010) defined four morphological criteria based on observed geomagnetic field models: Relative axial dipole power, equatorial symmetry, zonality and flux concentration. While all these criteria are global, objective and reflect robust geomagnetic field morphological features, the latitudinal distribution of flux is not represented, in particular the two pairs of high-latitude intense flux patches observed near the interception of the tangent cylinder with the CMB (Fig. 1 ) that are supported by theory and laboratory experiments (Aurnou et al. 2003) . In addition, the lowlatitude intense flux patches (again Fig. 1 ) are also robust. Their mobility accounts for the most striking secular variation signatures (Finlay & Jackson 2003; Aubert et al. 2013; Livermore et al. 2013) . The specific latitudes where these geomagnetic flux patches are found, that is, near the tangent cylinder and at low latitudes, are not constrained by the criteria of Christensen et al. (2010) . Therefore, a dynamo model might score high without recovering this particular and important observed latitudinal distribution of geomagnetic flux.
Another observational constraint on dynamo models may come from the geomagnetic secular variation. Aubert et al. (2013) recovered the westward drift of the modern field with their dynamo model. On long timescales, Davies & Constable (2014) proposed that the axial dipole frequency spectrum of a dynamo model should obey the same power law fit as that of the paleomagnetic dipole over the past 2 Myr (Ziegler et al. 2011) . Davies & Constable (2014) applied their temporal variability criterion in combination with the criteria of Christensen et al. (2010) on dynamo models with either homogeneous or tomographic CMB heat flux to assess how Earth-like is a dynamo model. The dynamo models investigated by Christensen et al. (2010) have an homogeneous outer boundary condition. An important ingredient that may affect geomagnetic field morphology is boundary control. In particular, mantle control on the geodynamo may help explain the presence of intense geomagnetic flux patches at low latitudes. The much explored tomographic pattern has little potential in that respect because it is dominated by a Y 2 2 term with no significant latitudinal preference. In order to incorporate possible compositional and small-scale effects in the lower mantle (e.g. Bull et al. 2009 ), Amit & Choblet (2012) constructed a CMB heat flux pattern with hot thermal ridges at the edges of large-scale hot and cold lowermost mantle structures. They found that such hot ridges may yield local upwelling and a flow barrier that result in localized concentration of magnetic flux, most effectively at low latitudes. However, the deviation of the CMB heat flux pattern proposed by Amit & Choblet (2012) from that of conventional tomography is mild, and its effects are moderate as well. A stronger impact on the resulting field morphology could be obtained by a more detailed description of lowermost mantle thermo-chemical heterogeneities and consequently a stronger departure from conventional tomography pattern.
Low shear wave velocity provinces (LLSVPs), which are the prominent features in conventional mantle tomography models and give rise to the dominant Y 2 2 distribution, are unlikely purely thermal structures. They are better explained if a compositional component is also present (Trampert et al. 2004; Deschamps et al. 2012; Mosca et al. 2012) , despite the detailed nature of compositional anomalies being still debated. One hypothesis is that LLSVPs are enriched in iron, for example, due to early partial differentiation of the mantle, in which case these would be reservoirs of dense, undegassed material. Another hypothesis is that LLSVPs consist of piles of recycled material. However, equation of state modelling of the mantle aggregates indicates that unless they are very hot, LLSVPs are unlikely to consist exclusively of recycled oceanic crust (Deschamps et al. 2012) . Hybrid scenarios have recently been proposed in which LLSVPs of primitive origin may be periodically re-fed with small amounts of recycled oceanic crust reaching the bottom of the mantle (Tackley 2011; Li et al. 2014) . Post-perovskite, if present, may also play a key role in the structure of the lowermost mantle. Its large Clapeyron slope implies that it is not stable in hot regions. The transition from perovskite to post-perovskite is a good candidate for the D discontinuity, which is observed locally in the deep mantle. Cobden & Thomas (2013) showed that it would explain D reflections in regions where P and S waveforms have different polarities, but that other explanations (including chemical changes and anisotropy) may also be possible in regions where both P and S waveforms have positive polarities.
By taking into account seismic normal modes, Ishii & Tromp (1999) provided an independent constraint on mantle density distributions, which can be used to resolve different contributions to seismic anomalies. In probabilistic tomography studies (Trampert et al. 2004; Mosca et al. 2012) , anomalies in density, shear wave velocity and bulk-sound (or compressional) velocity are first derived from a seismic data set that includes normal mode data using a Monte-Carlo (neighbourhood algorithm) inversion. A key advantage of the Monte-Carlo inversion is that it provides full probability density functions (PDFs) for anomalies in density and seismic velocities at each node of the model. In a second step, these PDFs of seismic anomalies are combined with appropriate equation of state modelling of the mantle aggregate and mineral physics database (including uncertainties in these parameters), giving direct access to PDFs of thermochemical anomalies, including the thermal anomalies. It turns out that the patterns of thermal anomalies in probabilistic tomography models are remarkably different than their seismic counterparts. In the study by Trampert et al. (2004) , the thermal heterogeneity resembles a Y 1 2 term, in contrast to the Y 2 2 dominance of the seismic anomaly. Mosca et al. (2012) used updated mineral physics constraints and confined their vertical resolution to a thinner layer above the CMB. The most striking feature of their thermal anomaly pattern is the concentration of intense structures at low latitudes. Note, however, that at the bottom of the mantle the standard deviation in temperature anomalies is at most locations larger than the mean temperature anomaly.
Applying probabilistic tomography is problematic because it contains only even degrees, a consequence of normal modes being used as an independent constraint on the density structure. To resolve this issue we design a simple procedure to incorporate odd degrees by mapping the ratio between thermal and seismic (in our case, shear wave velocity) anomalies from probabilistic tomography images. This mapping is then combined with a conventional seismic tomography pattern, which contains odd degrees, to obtain a re-scaled thermal anomaly that includes a complete spectrum up to degree 6.
Here we use the probabilistic tomography model of Mosca et al. (2012) in conjunction with the conventional tomography model of Masters et al. (2000) to obtain a more realistic CMB heat flux pattern, which we impose on the outer boundary of numerical dynamo simulations. In Section 2, we present the formalism to construct the CMB heat flux model from probabilistic tomography, and we attempt to assess its validity using some synthetic tests. The numerical dynamo models and the statistical measures of the latitudinal magnetic and kinetic distributions are described in Section 3. In Section 4, we demonstrate that these probabilistic tomography dynamo models have more low-latitude convective and magnetic activity than conventional tomography dynamo models and thus may improve the recovery of the observed latitudinal distribution of geomagnetic flux on the CMB. We discuss and summarize our main findings in Section 5.
A C M B H E AT F L U X M O D E L F RO M P RO B A B I L I S T I C T O M O G R A P H Y

Numerical procedure
Probabilistic tomography provides distributions of shear wave velocity (δlnV s ) and temperature (δT) anomalies, which we use to construct the CMB heat flux pattern. Interestingly, the PDFs provided by probabilistic tomography approximate well Gaussian distributions (Mosca et al. 2012) , and can thus be defined by a mean and a standard deviation. Figs 2(a) and (b) represent distributions of δlnV s and δT in the lowermost mantle (sampling the layer 2750-2891 km) at two different locations. A limitation of the probabilistic tomography models published so far is that only even spherical harmonic degrees up to 6 are included (Trampert et al. 2004; Mosca et al. 2012) . While the truncation at degree 6 is unlikely to modify the large-scale structure, the missing odd degrees may introduce a substantial bias in the maps of thermal anomalies. To overcome this problem we map the ratio between shear wave velocity (even degrees) and thermal anomalies (even degrees) using probabilistic tomography. We then apply this mapping to a conventional lower mantle seismic tomography model (even and odd degrees) to obtain a thermal anomaly distribution with both even and odd degrees. Mathematically we write
where the superscript 'C' denotes a conventional tomography model. Here we use the model of Masters et al. (2000) truncated at spherical harmonic degree 6 ( Fig. 3c ). The superscript 'e' denotes a probabilistic tomography model with only even degrees content. Physically eq. (1) implicitly assumes that the even degree's thermal contribution to the even seismic velocity available from probabilistic tomography is comparable to the unknown odd degree's thermal contribution to the odd seismic part (see synthetic tests of this approximation in Section 2.2). We use the model of Mosca et al. (2012) including degrees 2, 4 and 6 for the seismic (Fig. 3a ) and thermal ( Fig. 3b ) anomalies. The resulting rescaled thermal anomaly including all degrees until max = 6 is denoted by superscript 'P' (Fig. 3d ).
The scaling procedure defined in eq. (1) may trigger numerical instabilities at regions where δlnV e s from probabilistic tomography is low. To avoid this difficulty, at each node of the probabilistic tomography model we calculated the ratios of the full PDFs of δT e and δlnV e s (rather than the ratios of their mean values), resulting in a full PDF of the ratio δT e /δlnV e s . Because PDFs of δlnV e s and δT e are Gaussian distributions to a good approximation, the PDF of the ratio δT e /δlnV e s obeys the following analytical integration:
where g δT e and g δlnV e s are the PDFs of δT e and δlnV e s respectively, x is a dummy variable representing the input distributions (in our case δT e and δlnV e s ) and y is a dummy variable representing the output distribution (in our case δT e /δlnV e s ). Note that because we assume Gaussian distributions for both δT e and δlnV e s , the output ratio δT e /δlnV e s follows a Cauchy distribution. In practice, we calculated this integral within bounds x 1 to x 2 defined by
and
where σ δT e and σ δlnV e s are the corresponding standard deviations. are not available) by the values of δT e /δlnV e s at the maximum of the PDFs (i.e. maximum likelihood).
Finally, inferring the pattern of CMB heat flux anomaly δq from the lower-mantle thermal anomaly δT is rather straightforward. Note that because temperature differences on the mantle side of the CMB are by far larger than on the core side, δq is antiproportional to δT, that is, δq C ∝ − δT C and δq P ∝ − δT P , so that cold (warm) lowermantle regions correspond to large (low) CMB heat flux respectively. The amplitude of the CMB heat flux anomaly is determined by the control parameter q * (see Section 3.1).
Synthetic tests
It is important to assess the validity of the procedure for obtaining the CMB heat flux model. As a first idealized test we consider the limit of perfectly correlated seismic and thermal anomalies, that is, δT ∝ δlnV C s (where δT is the true thermal anomaly). We then take the even part of δlnV C s to get δlnV e s , and likewise δT e is assumed to be the even part of δT. If the standard deviation is zero, eq. (1) is solved analytically, in this case giving δT P = δT, that is, perfect recovery. Next we apply eq. (1) to our procedure with variable standard deviation amplitudes to calculate δT P . The correlation between our calculated δT P and the true δT is shown in Fig. 4 as a function of the standard deviation amplitude. For comparison, an horizontal line denotes the reference correlation between δT e and δT. Only for the largest standard deviation amplitude δT e is better correlated with δT than the model produced by our procedure; for all other standard deviation amplitudes, our procedure provides larger correlations between δT P and δT.
The above idealized test has two unrealistic features. First, the full thermal and seismic anomalies are not expected to be perfectly correlated (which is precisely the basis of this study). Second, although the probabilistic tomography (purely even) seismic anomaly and the even part of the conventional tomography model have a significant spatial correlation of 0.5, these two patterns are not identical. The next test accounts for these more realistic conditions. Here we use δlnV e s and δT e from the probabilistic tomography model, and thus δT P is also the same as that used in this paper. We then construct a synthetic true thermal anomaly δT by summing δT e plus a random odd part. Fig. 5(a) shows the correlation between δT P and δT (red) compared to the correlation between δT e and δT (green).
Overall, the two correlations are comparable with slight advantage to δT e (Fig. 5b ) and larger dispersion for δT P . When the relative odd part is smaller, both correlations are higher, as expected. The vertical lines in Fig. 5 denote the relative odd power in δlnV C s and δT P . If these vertical lines represent the relative odd power in δT of Earth's lower mantle, Fig. 5 (a) suggest maximal correlations of ∼0.5 between δT P and δT.
Two points are important to emphasize concerning the second test. First, although the correlation between δT P and δT is comparable to that of δT e to δT, our approach is conceptually better because it includes all degrees (odd and even). Second, a random odd part of δT is a worst case scenario; eq. (1) is expected to predict an odd part which is closer to the real temperature than just a random distribution. This motivates additional synthetic tests with possibly some geophysical merit. In Fig. 5(c) , the synthetic δT is constructed from the sum of δT e plus a non-random odd part pattern with a random amplitude. When the pattern of the odd part of δlnV C s is added (solid), corresponding to thermochemical even part and purely thermal odd part, δT e always exhibits larger correlations, possibly due to the inconsistent physical origins of the even and odd parts in this synthetic case. However, the difference between the two correlations diminishes with increasing odd power ( Fig. 5d ). When the pattern of the odd part of δT P is added (dashed), the correlation of δT P becomes superior for relative odd power larger than 0.15. The peak correlation between δT P and δT of 0.9 is reached in the plausible range of relative odd power of 0.15-0.45 delimited by the vertical lines.
The latter tests ( Fig. 5c ) yield significantly larger correlations than the test with random odd part ( Fig. 5a ). Moreover, in Fig. 5 (c) the correlations degrade with increasing odd power at a slower rate compared to in Fig. 5(a) . This demonstrates that introducing plausibility in the synthetic δT provides superior correlations, that is, our procedure is radically advantageous in computing the missing odd part compared to purely random addition.
N U M E R I C A L DY N A M O M O D E L S
Setup
We use 3-D self-consistent numerical dynamos in a spherical shell. We implement the simulation MAGIC (Wicht 2002) , originally coded by Gary Glatzmaier. The control parameters are the heat flux based (modified) Rayleigh number Ra = αg 0 q 0 D 4 /kκν, the Ekman number E = ν/ D 2 , the Prandtl number Pr = ν/κ, the magnetic Prandtl number Pm = ν/λ and a heat flux anomaly amplitude q * = (q max − q min )/2q 0 , where α is thermal expansion coefficient, g 0 is gravity on the outer boundary, q 0 is mean heat flux across the outer boundary, D is shell thickness, k is thermal conductivity, κ is thermal diffusivity, ν is kinematic viscosity, is rotation rate and λ is magnetic diffusivity. We use D, D 2 /ν, Dq 0 /k and √ ρμ 0 λ to scale length, time, co-density (Braginsky & Roberts 1995) and magnetic field, respectively, where ρ is the fluid density and μ 0 is the permeability of free space. The inner to outer radii ratio is 0.35. The boundary conditions are rigid for the velocity and insulating for the magnetic field. The inner boundary has fixed co-density, and the outer boundary has a prescribed heat flux pattern. The co-density source/sink term in the energy equation is set to zero corresponding to generic thermochemical convection (Aubert et al. 2009 ). The grid includes 41 radial, 192 longitudinal and 96 latitudinal points, and in spectral space the fields were expanded up to degree and order 64. The dynamo model's control parameters are given in Table 1 . . Left: correlation between δT P and δT (red) and between δT e and δT (green) for synthetic δT as a function of the power of odd harmonics (degrees 1, 3 and 5) normalized by the global power (degrees 1-6). δT P and δT e are the ones used in this study. Right: difference between the two correlations. Top: 60 000 cases with δT constructed from δT e plus a random odd part. Bottom: δT constructed from δT e plus the pattern of the odd part of δlnV C s with a random amplitude (solid), and δT constructed from δT e plus the pattern of the odd part of δT P with a random amplitude (dashed). The blue and purple vertical lines denote the relative power of odd harmonics in δlnV C s and δT P , respectively.
For more details on the governing equations and numerical method see Christensen & Wicht (2007) . All models are in a parametric regime in which dipole polarity reversals are absent, and overall the magnetic field morphology in a snapshot is dominated by an axial dipole component. Two patterns are imposed as outer boundary conditions. The first is based on a conventional lower mantle tomography model (Masters et al. 2000) and is termed 'C' in Table 1 . The second is derived from probabilistic tomography (see above) and is termed 'P'.
Statistical measures of latitudinal distribution
The latitudinal distributions of two quantities are calculated. Primarily the magnetic flux on the outer boundary is examined for comparison with observed geomagnetic field models on the CMB. In addition, the latitudinal distribution of kinetic energy is quantified both at the top of the free stream and throughout the volume of the shell. Because the core flow generates and maintains the magnetic field, it may be expected that similar latitudinal distributions will be found for the magnetic flux and the kinetic energy. However, because the particular field-flow interactions might be different at low-and high latitudes (Finlay & Amit 2011) , it is worth-while examining both quantities.
To quantify the ratio of low-to high-latitude distributions of magnetic field and flow, we divide the spherical surface and spherical shell into two regions. High latitudes are defined above a critical latitude in both hemispheres, and low latitudes are defined below this critical latitude. We arbitrarily choose as a critical latitude 30 • because it conveniently separates equal spherical areas of low-and high latitudes. In addition, since high-latitude intense flux patches have branches that often extend to mid-latitudes, the choice of a relatively low-latitude of 30 • as a separation avoids interpretation of such branches as intense low-latitude flux. Overall, the main objective is not to interpret the absolute value of these ratios, but rather to compare ratios of pairs of dynamo models with different outer boundary heat flux patterns and otherwise identical dynamo internal parameters, so in that respect the choice of a separation latitude is probably not critical. We nevertheless examine the sensitivity of our results to the choice of the critical latitude. 1. Dynamo model setup and results. In cases denoted by 'C' the imposed outer boundary heat flux pattern is from conventional tomography (Masters et al. 2000) , in the 'P' cases the pattern is derived from probabilistic tomography. The magnitude of the heat flux heterogeneity is q * . The internal dynamo control parameters Ra and Pm are given. In all cases E = 3 × 10 −4 and Pr = 1. Also given is the magnetic Reynolds number Rm computed from the time-average kinetic energy in the volume of the shell. The low/high-latitude magnetic flux rms/maxima ratios (time-average and its standard deviation) are B r rms lh and B r max lh , respectively. The corresponding rms ratios for exclusively normal and reversed flux are B N rms lh and B R rms lh , respectively. The low/high-latitude kinetic energy ratios at the volume of the shell and just below the Ekman boundary layer (time-average and its standard deviation) are KE V lh and KE S lh , respectively. The low/high-latitude magnetic flux ratios are also given for the geomagnetic field models gufm1 (Jackson et al. 2000) in the period 1840 -1990 in the period 2000-2010 (Olsen et al. 2010) as well as the archeomagnetic field model CALS3k.3 over the past three millennia (Korte et al. 2009 ). Note that the B R rms lh value for the archeomagnetic field model is non-applicable because in some snapshots high latitudes are completely deprived of reversed flux and the ratio becomes infinity. Two statistical measures are defined to assess the ratio of low-to high-latitude magnetic flux on the outer boundary at any snapshot. The first is an rms ratio:
where B r is the radial magnetic field on the outer boundary, θ c is the critical northern co-latitude that separates low-and high latitudes, S l and S h are the low-and high-latitude spherical surface areas, respectively (for a critical latitude of 30 • , S l = S h ) and dS = r 2 sin θdφdθ is a spherical surface increment on the outer boundary. For the magnetic flux, we use r = r o where r o is the outer radius of the spherical shell. The rms ratio (5) ranges between zero (no flux at low latitudes) to infinity (all flux concentrated at low latitudes). In eq. (5), the first integral is over longitude and the second over co-latitude. The second statistical measure for the magnetic flux latitudinal distribution is a maxima ratio of the absolute radial field:
In eq. (6) the ranges represent co-latitudes for all longitudes. The ratio of low-to high-latitude unsigned flux (5) reflects the latitudinal distribution of magnetic flux, but it is insensitive to the latitudinal distribution of polarity, which is important for defining an Earth-like field morphology. We therefore examine the ratios of low-to high-latitude magnetic flux applied exclusively to normal and reversed flux: 
To quantify the ratio of low-to high-latitude of the flow activity we integrate the kinetic energy KE. Because the effects of rapid rotation produce flows that are quasi-invariant in the direction of the rotation axis (e.g. Busse 1970), we separate here low-and high latitudes in the shell volume using cylindrical coordinates. The low and high-latitude kinetic energies are integrated over all grid points with s > s c and s < s c , respectively, where s is the radial distance from the rotation axis in cylindrical coordinates and s c = r o sin θ c is the critical distance of a co-centric cylinder that intersects the CMB at co-latitude θ c . We calculate the kinetic energy ratio in the volume of the spherical shell as follows:
where V h and V l are the volumes of the high-and low latitudes, respectively, r c = s c /sin θ and dV = r 2 sin θdφdθ dr is a spherical volume increment. In eq. (11), the integrals are performed over longitude, co-latitude and the radial direction, respectively. Finally, as in eq. (5), we also calculate the ratio of low-to high-latitude of the kinetic energy at the top of the free stream just below the upper Ekman boundary layer:
In eq. (12), the integrals are performed over longitude and colatitude, respectively. Fig. 6 shows the two CMB heat flux patterns used and compared in this study. The well-explored conventional tomography pattern ( Fig. 6a and cases 'C' in Table 1) is characterized by a Y 2 2 dominance with two large CMB heat flux structures below the Americas and east Asia/Oceania. These features are very large-scale, practically extending across all latitudes. No significant latitudinal preference is observed in the conventional tomography pattern. The pattern derived from probabilistic tomography ( Fig. 6b and cases 'P' in Table 1 ) is characterized by smaller scales. Three positive anomalies appear below Central America, Indonesia and east Australia, that is, most of the large CMB heat flux is concentrated at low latitudes.
R E S U LT S
Figs 7 and 8 compare the convective activities in two snapshots from cases C2 and P2. These two cases have identical control parameters and differ only by their CMB heat flux patterns (see Table 1 ). The specific snapshots chosen here have close to average latitudinal distribution of kinetic energy, reflecting the typical convective state in these models. In both cases, the zonal reduced co-density T (θ, r ) −T (r ) (whereT (r ) is the mean over a spherical surface at radial distance r) is characterized by downwellings at the edge of the tangent cylinder and equatorial rising plumes, but in case C2 this plume is intense (Fig. 7a) , whereas in case P2 it is weaker (Fig. 8a) . The meridional flow in case C2 is strongly concentrated at high latitudes (see streamline concentration inside the tangent cylinder in Fig. 7b ), whereas in case P2 it is much more balanced with comparable convective activity at mid-and even low latitudes (Fig. 8b) . The radial vorticity maps at the top of the free stream show in both cases north-south elongated structures, evidence for the dominance of rotational effects in both dynamo models. However, in case C2 significant radial vorticity structures are concentrated at the polar regions (Fig. 7c) , whereas again in case P2 the radial vorticity latitudinal distribution is much more balanced with much less activity inside the tangent cylinder (Fig. 8c ). Overall, in these two dynamo models the low-to high-latitude ratio of kinetic energy in the spherical shell volume is comparable. However, at the top of the free stream the ratio is significantly larger, by 26 per cent, when a CMB heat flux pattern derived from probabilistic tomography is imposed (Table 1) .
Next we compare the resulting magnetic fields on the outer boundary (Figs 9 and 10 ). For comparison with observations, we apply the statistical measures to the radial fields low-pass filtered around spherical harmonic degree 10 (Figs 9b and 10b ). Again we show snapshots that reflect the typical latitudinal distribution, in this case of magnetic flux. In both cases, high-latitude flux patches prevail, but in case P2 there is an additional intense magnetic flux patch below the equatorial Indian Ocean (Figs. 10a and b) , where anomalously positive heat flux is present (Fig. 6b) . The more balanced latitudinal distribution of magnetic flux in case P2 is also apparent in the profiles of zonal radial field and rms of non-zonal radial field (compare Figs 9c and 10c) . In case C2, larger values of the zonal radial field characterize high latitudes, while low latitudes are roughly comparable in cases C2 and P2. Overall, the low-to high-latitude ratios in case P2 are larger than in case C2 by 32 per cent and 63 per cent based on rms and maxima measures respectively (Table 1) .
The statistical measures (5) and (6) Fig. 7 for case P2 with identical control parameters to those of C2 but a non-dimensional CMB heat flux pattern inferred from probabilistic tomography. This snapshot exhibits low/high-latitude kinetic energy ratios similar to the time-average for this case: KE V lh = 0.405 and KE S lh = 0.416. patches (Fig. 1) . In order to assess whether a dynamo model is Earth-like or not, it is important to compare the latitudinal distribution of signed flux as well. In Table 1 , we calculated the low-to high-latitude ratios of exclusively normal and reversed flux (eqs (7) and (8), respectively). The dynamo models differ in their distribution of signed flux in a similar manner as their difference in terms of unsigned flux ratios, with systematically larger relative low-latitude contributions in the P cases, both normal and reversed, for each C and P pair. While the unsigned flux ratios B r rms lh in the large Ra models reach that of gufm1, the normal flux ratio B N rms lh of the dynamo models is somewhat lower than the observed.
We tested the sensitivity of our results to the choice of separation latitude. The results in Table 1 (Table 1) reveals variations of ∼1-3 per cent and ∼2-8 per cent for B r rms lh and B r max lh , respectively. We conclude that the sensitivity of our results to the choice of θ c is very weak in both the dynamo models and the geomagnetic field models, in particular concerning the rms ratio.
Next we examine the time-series of the rms and maxima ratios of low-to high-latitude magnetic flux ratios (eqs (5) and (6), respectively) for cases C2 and P2 ( Figs. 11a and b, respectively) . As expected, the pointwise maxima ratio is a noisier quantity characterized by larger time-dependence (see standard deviations in Table 1 ). In case P2, the time-average values are larger than in case C2, that is, low-latitude relative magnetic flux is larger in case P2. Moreover, the temporal fluctuations are by far larger in case P2. Fig. 12 shows the radial magnetic field in a snapshot of case P2 in which the relative intensity of low-latitude flux patches is high. In this snapshot, negative/positive flux patches still dominate high latitudes of the northern/southern hemisphere, respectively, so that the axial dipole is still prominent (see the solid line in Fig. 12b ). However, the flux patches at low latitudes are comparably intense (see the dashed line in Fig. 12b) , especially below the Atlantic hemisphere (Fig. 12a) . Table 1 gives the kinetic energy and magnetic flux latitudinal distribution ratios for dynamo models with different control parameters. Increasing q * with a conventional tomography heat flux pattern (Fig. 6a ) results in slight decrease in relative low-latitude magnetic flux ratios and comparable kinetic energy ratios (compare cases C1 and C2), whereas with the pattern derived from probabilistic tomography (Fig. 6b ) increasing q * gives significant increase in relative low-latitude magnetic flux and kinetic energy (compare cases P1 and P2). Increasing Ra increases low-latitude magnetic flux and decreases low-latitude kinetic energy in both cases (compare cases C1 and C3, and compare cases P1 and P3). Increasing Pm which results in larger magnetic Reynolds number Rm increases low-latitude dynamics in both cases (compare cases C1 and C4, and compare cases P1 and P4). Most importantly, in all four pairs the P cases exhibit more balanced latitudinal distribution of flow and magnetic field, that is, relatively stronger magnetic flux and convective activity at low latitudes.
It is worth comparing the low-to high-latitude magnetic flux ratios in our dynamo models with those of the observed geomagnetic field. Fig. 13 shows the magnetic rms and maxima ratios over the historical era based on the field model gufm1 of Jackson et al. (2000) . The increase of the ratios with time might reflect an increase in the resolution of the models due to more available geomagnetic measurements. Furthermore, over the short period of 150 yr the ratios drift rather than oscillate (as in Fig. 11 ), so their standard deviations are probably not very meaningful for uncertainty estimates. The observed ratios of ∼0.6-0.7 are comparable to the time-average values of case P3 (Table 1) . Accounting for temporal fluctuations, any of the P cases may occasionally recover and even exceed these observed values (e.g. Figs 11b and 12) . Table 1 compares the latitudinal distributions of geomagnetic flux among the historical field model gufm1 (Jackson et al. 2000) in the period 1840-1990, the modern field model CHAOS-4 in the period 2000-2010 (Olsen et al. 2010 ) and the archeomagnetic field model CALS3k.3 over the past three millennia (Korte et al. 2009 ). The low-to high-latitude unsigned flux rms and maxima ratios as well as the normal flux ratio are all largest in CHAOS-4 and lowest in CALS3k.3, suggesting that increasing data coverage at more recent models improves the resolution of lowlatitude features in a more significant manner than at high latitudes.
Note that the reversed flux ratio B R rms lh in gufm1 and CHAOS-4 is strongly biased by the intense positive flux patch below equatorial Atlantic which is considered reversed in the northern hemisphere. This problem can be circumvented by a topological algorithm that maps the magnetic equator (Terra-Nova et al. 2015) , but such an algorithm has not yet been implemented for dynamo models. In addition, for the archeomagnetic field model the reversed flux ratio is non-applicable because in some snapshots high latitudes are completely deprived of reversed flux and the ratio thus becomes infinity. Overall, the results for CALS3k.3 should be treated with caution due to the model's low spatial and temporal sampling. Nevertheless, these results provide an insight into millennial timescale variability and the effect of reduced spatial resolution. 
D I S C U S S I O N
To the best of our knowledge, this is the first time that a CMB heat flux pattern inferred from probabilistic tomography is imposed on the outer boundary of numerical dynamo simulations. The advantage of this approach is clearly the decomposition of the seismic anomaly to different origins, for our purposes the isolation of the lowermost mantle thermal anomaly. However, caution should be taken when constraining geodynamo models with such patterns due to imperfections of our procedure to incorporate odd degrees and due to the uncertainties associated with probabilistic tomography.
Our synthetic tests demonstrate that if a random odd thermal part is added to the probabilistic even thermal anomaly, our model performs comparably well while we benefit from a complete spectrum (Figs 5a and b) ; If a thermal part with a non-random (and geophysically plausible) pattern but random amplitude is added, our model may significantly improve the recovery of the true thermal anomaly (Figs 5c and d) . Overall, these tests demonstrate that our procedure is far better than a purely random determination of the missing odd part. In addition, the correlation between our model and the real mantle temperature is expected to be high if the odd power is relatively low, as is expected for the Earth.
A more adequate test with both seismic and thermal synthetic patterns is more difficult to design because there is a physical relation between these two quantities (as well as their standard deviations) prescribed by the mantle dynamics (Nakagawa & Tackley 2008) . Unfortunately this relation is not trivial, thus considering a random synthetic thermal pattern in conjunction with a specific seismic pattern is dynamically inconsistent. Despite these uncertainties, our model seems geodynamically sensible because the high spatial correlation between the purely even thermal pattern of probabilistic tomography and our model is consistent with the similarity between the purely even seismic pattern of probabilistic tomography and the dominantly even pattern of global seismic tomography.
More rigorous tests may be performed based on the assessment of the relations among seismic, thermal and chemical anomalies, including the partitioning to even and odd parts, in a large set of 'Earth-like' mantle convection simulations. Such a study will improve the assessment of the validity of our procedure and may possibly lead to an improved procedure. However, even such an approach cannot be considered as a proof due to uncertainties in mantle convection modelling (e.g. Tackley 2012) .
A measure of the uncertainties in the seismic shear wave velocity anomalies δlnV e s is given by the standard deviation in its (Gaussian) PDF derived from the neighbourhood algorithm and normal mode data. Uncertainties in the temperature anomalies δT e further account for uncertainties in the mineral physics data set and reference radial models of mantle temperature and composition. In Year Low/high latitudes magnetic flux ratios rms ratio max ratio Figure 13 As in Fig. 11 for the geomagnetic field model gufm1 for the period 1840-1990. Mosca et al. (2012) , the rms in standard deviations of δlnV e s and δT e are 1.0 per cent and 340 K, respectively. These uncertainties add up when calculating the ratio δlnV e s /δT e . Overall, the rms in standard deviation of the rescaled temperature anomalies δT p is about 540 K.
Ideally, these uncertainties may be used to define a set of CMB heat flux patterns and associated numerical dynamo models. In practice, this would require an exaggerated computational time.
Apart from the above formal uncertainties, several theoretical and observational developments may alter the maps of thermal anomalies used in this study. Improved normal mode catalogues (Deuss et al. 2013) , potentially including odd degrees, may lead to refined maps of density and seismic velocity anomalies, leading in turn to new maps of thermal and compositional anomalies. Small fractions of recycled oceanic crust may be incorporated in LLSVPs (Tackley 2012; Li et al. 2014) , an effect which is not taken into account when inferring thermal anomalies from probabilistic tomography. Electrical conductivity, which is sensitive to both temperature and composition, is a promising tool to probe the thermochemical structure of the mantle. Combined with conventional or probabilistic tomography models, it may provide finer constraints on the temperature. Synthetic reconstructions of electrical conductivity from probabilistic tomography and available mineral physics suggest that a belt of high conductivity peaking in LLSVPs may be present in the lowermost mantle (Deschamps 2015) . However, due to the lack of high-frequency magnetic field variation data over long periods (1 yr and higher), current models of electrical conductivity are limited to 1500 km depth (Kelbert et al. 2009; Semenov & Kuvshinov 2012) . In addition, mineral physics measurements of electrical conductivity of mantle minerals at lower-mantle conditions remain sparse and should be completed. Finally, small-scale structures, in particular the ultra low velocity zones (ULVZs) observed by seismologists (Garnero & Helmberger 1995) may locally modify the temperature predicted by global tomography. The nature of ULVZs is still debated. Hypotheses include pockets of partial melts (Williams & Garnero 1996) and lenses of iron-rich post-perovskite (Mao et al. 2006) , which would have different implications in terms of the thermal distribution.
In addition, lateral variations in the lower mantle thermal conductivity may affect the CMB heat flux. Recent ab initio calculations suggest that thermal conductivity of perovskite decreases with both increasing temperature and iron content, but that these corrections are small (Tang et al. 2014 ). If confirmed, this would slightly enhance the heat flux heterogeneity amplitude derived from the mantle thermo-chemical structure. Ammann et al. (2014) found that the thermal conductivity of post-perovskite at lower mantle conditions is about 50 per cent higher than that of perovskite, which would further increase the amplitude of lateral variations in thermal conductivity. Overall, a complete CMB heat flux modelling should incorporate the lateral variability of the thermal conductivity of the lowermost mantle in addition to that of the temperature.
While the seismic pattern of probabilistic tomography (Fig. 3a ) is rather similar to the conventional seismic tomography pattern (Fig. 3c) , the thermal anomaly is distinctive (Fig. 3d) . The conventional tomography pattern in Fig. 3(a) is characterized by two belts of low seismic shear wave velocity, one along the Americas and the other along east Asia, both extending through all latitudes. In contrast, the large heat flux structures of the probabilistic tomography pattern in Fig. 3(d) are concentrated at low latitudes. If the latter pattern indeed reflects the CMB thermal heterogeneity, previous inferences based on conventional tomography should be revised, in particular concerning the possible impact of mantle heterogeneity on core dynamics at low latitudes.
We demonstrated that the probabilistic tomography dynamo models (P cases) indeed contain relatively stronger convective and magnetic activity at low latitudes than the conventional tomography dynamo models (C cases). For a given set of internal dynamo parameters, the ratio of kinetic energy at low-to high-latitude is systematically larger in the P cases than in the C cases, both in the shell volume and at the top of the shell. Likewise, the ratio of low-to high-latitude magnetic flux (unsigned as well as exclusively normal or reversed) on the outer boundary is systematically larger in the P cases than in the C cases. In addition, the standard deviations of these ratios are either comparable or larger in the P cases (Table 1) , facilitating occasional bursts of intense magnetic flux patches at low latitudes that surpass the corresponding ratios in the observed geomagnetic field models (Fig. 13) . These results persist when varying Ra and Pm. When increasing the CMB heat flux heterogeneity amplitude q * , the magnetic flux ratio decreases for the C cases but significantly increases for the P cases (Table 1) , further demonstrating the efficiency of the probabilistic pattern in producing low-latitude intense flux patches as opposed to the tendency of the conventional pattern to intensify the high-latitude flux patches. In addition, if thermal conductivity decreases with increasing temperature (Tang et al. 2014 ) and increases at cold mantle downwellings where postperovskite is expected to be present (Ammann et al. 2014 ), a larger q * is expected for a given lower-mantle thermal distribution. In that case, a lower q * C case should be compared with a larger q * P case, thus enhancing the contrast between the two CMB heat flux models in terms of low-latitude contributions to magnetic and convective activities.
Dynamo models with homogeneous CMB heat flux exhibit downwellings at the edge of the tangent cylinder (Olson et al. 1999 ) and zonal equatorial upwelling (Aubert 2005; Amit & Olson 2006 ). In the P cases, the large heat flux at the equatorial region produces mantle-driven downwellings so the homogeneous dynamo equato-rial upwelling is suppressed (Fig. 8) , resulting in more convective activity and magnetic flux concentration at low latitudes. Such dynamics may explain the different latitudinal distribution of magnetic flux and convective activity for different dynamo internal control parameters (Table 1) . For a given CMB heat flux (either conventional or probabilistic), increasing Ra strengthens high-latitude cyclones at the expense of the equatorial upwelling, thus weakens low-latitude convective activity. The weaker equatorial upwelling results in less efficient magnetic dispersion and stronger low-latitude magnetic flux. Increasing Pm also yields stronger low-latitude magnetic flux, suggesting that diffusion is more important at low latitudes of the dynamo models.
We emphasize that we do not claim that the dynamo models presented here are more Earth-like in terms of their field morphology than other models previously published (e.g. Christensen et al. 2010) . To find such optimal Earth-like model, a much more extensive parametric study is required. Here we merely examine the possible impact of a CMB heat flux inferred from probabilistic tomography on the resulting magnetic field morphology, and point to its tendency to reproduce one observed geomagnetic feature, that is, low-latitude intense flux patches (Jackson 2003) . The effect of the probabilistic tomography pattern on the magnetic field is compared with that of conventional tomography CMB heat flux, rather than searching for an optimal combination of internal control parameters. Overall, the observed latitudinal distribution of magnetic flux on the CMB (Fig. 13 ) may be combined with the criteria of Christensen et al. (2010) through a χ 2 evaluation as a new criterion for Earth-like dynamo models.
We maintained moderate q * values in our dynamo models, thus in these models rotational effects still dominate in the form of nearly axially invariant flows, and the magnetic field is still dominated by an axial dipole and high-latitude intense flux patches. The boundary heterogeneity mildly modifies the background homogeneous dynamo, most notably by strengthening low-latitude magnetic and convective activities. However, some encouraging results using the conventional tomographic pattern might be lost using our alternative probabilistic tomography pattern. In particular, the P cases do not recover the preferential longitudes of high-latitude flux patches (Gubbins et al. 2007; Aubert et al. 2008) , but the existence of such non-axisymmetric field features in the time-average paleomagnetic field (Johnson & Constable 1995; Kelly & Gubbins 1997 ) is controversial (Carlut & Courtillot 1997) while at intermediate timescales these patches were found mobile in tomographic dynamo models (Bloxham 2002; Amit et al. 2010 ) and in the archeomagnetic field (Korte & Holme 2010; Amit et al. 2011) .
Efforts to isolate the thermal contribution to the lowermost mantle seismic anomalies are essential to better understand structures and dynamical processes on both sides of the CMB. On the mantle side, it is crucial to understand the interplay between thermal, compositional and mineralogical heterogeneities. On the core side, it is essential to impose an optimal thermal outer boundary condition on geodynamo simulations. Overall, progress in elucidating lower-mantle dynamics may help improve models of CMB heat flux, provide more realistic constraint on numerical dynamo models and allow for better recovery of observed geodynamo related properties.
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